Abstract. The positioning and orienting of parts is a standard problem in manufacturing. Orienting parts is often a prelude to the assembly of parts at tight tolerances. This paper considers the problem of orienting a part resting on a table, by tilting the table. The initial orientation of the part is assumed to be completely unknown. The objective is to tilt the table in a manner that reduces the uncertainty in the part's orientation. This paper focuses on three-dimensional polyhedral parts, with infinite friction between the parts and the table, and for which all transitions between different face-table contacts may be regarded as rotations across edges. The paper proposes a planner that determines a sequence of tilting operations designed to minimize the uncertainty in the part's orientation. The planner runs in time O(n3), where n is the number of faces of the polyhedron. The planner produces a sequence of O(n) distinct tilting operations. Each tilting operation wobbles the table until the part is in steady state.
orientations. Another important question is to decide how the tray should be moved in order to facilitate the orienting process.
The palletizing tray shows the power of the mechanical approach to parts orienting. This paper attempts to explore the mechanical approach, but using a simpler, more tractable system. We consider the problem of orienting a threedimensional polyhedron resting on a tiltable table. Friction is assumed to be infinite, and all motions are assumed to be quasi-static. We derive an algorithm for obtaining a sequence of tilting operations of the table that minimizes the possible resting configurations of the polyhedron. We show that such a strategy contains at most O(n) tilting operations, where n is the number of faces of the polyhedron.
Understanding Action.

Action and Autonomy.
The development of parts-orienting systems is an important research goal in robotics. At the heart of our research in this area lies a broader goal, namely to understand physical action and to explore methods of manipulation. The intent is to harness simple manipulation techniques in order to achieve complicated physical behavior.
In developing autonomous systems that operate in a physical world, one must settle on a set of tasks that the system is expected to accomplish and provide the system with a repertoire of actions that permit it to accomplish its tasks. Determining the set of tasks that a system may face in a given environment, and providing a useful repertoire of actions for these tasks are as yet unsolved problems. More complicated yet is understanding the relationship of the actions to the tasks. There are many parts to this relationship. One important problem is to synthesize the possible actions into a coherent strategy for accomplishing a given task. A second problem is to understand the sensitivity of the resulting strategy to assumptions about the world. For instance, a strategy developed under the assumption that the world can be modeled and controlled perfectly may fail when applied to a physical task in which there are model inaccuracies. In general, uncertainty, arising from sensor error, control nondeterminism, and model inaccuracy, severely complicates our understanding Of the relationship between actions and tasks.
One approach to understanding these issues is to select a particular environment and an extremely simple method of manipulation, then push the system to its limits, to determine what tasks it can solve. Such a system appears in the article by Erdmann and Mason (1988) , in the form of a planar parts orienter implemented as a tray-tilter.
One difficulty with such systems is that their reach sometimes exceeds our understanding. For instance, in the tray-tilter of Erdmann and Mason (1988) , a planner that understands Newtonian mechanics can determine what parts are orientable using the tray-tilter, and what parts are either nonorientable or require additional information to become orientable. However, the knowledge lies in the planner. This knowledge is validated or denied by execution of the plans developed by the planner. Yet the knowledge remains diffuse. We do not have a crisp characterization of the parts that can be oriented, or a simple description of the strategies used to orient the parts.
It is precisely the autonomy of the system that is unsatisfying. In order to build more complicated systems, we need to understand the capabilities of simple systems better. In particular, we need to characterize the types of tasks a given system can solve and the nature of the strategies employed. Table- Tilting. Let us try to understand the capabilities of a system that can orient polyhedral parts by wobbling the table on which the parts are resting. The ideas of this section are made more precise in the rest of the paper; we give here an intuitive description.
Three-Dimensional
Our basic action is a wobble. A wobble consists of tilting the table up to a specified tilt angle about a randomly chosen horizontal tilt axis, than changing the direction of the tilt axis by a 2rr rotation. Effectively, each side of the table is made to point downhill at the given tilt angle once during a wobble. We thus have a family of wobbles, parametrized by the tilt angle of the table.
What do we know about orienting parts resting on a table? There are some obvious answers. First, a part has a tendency to lower its potential energy. Thus, if we perturb the table slightly, by shaking it or wobbling it, the part may fall. The simplest example of this is given by a rectanguloid resting on a table. For instance, take a VHS cassette, and place it on a table end-on. Now tilt the table slightly a few times in different directions. The cassette will fall over, and come to rest on one of its broad flat faces. It has lowered its potential energy.
We immediately make a second observation. The cassette need not come to rest in its lowest possible potential energy state. While perhaps a complicated simulated annealing strategy might ensure this outcome, our simple strategy of wobbling or tilting the table merely causes the cassette to fall over onto one of the two broad faces. It could be either face, not necessarily the face that minimizes the potential energy of the cassette. The outcome is determined more by the height of the center of mass above the initial face on which the cassette is resting than by the height of the center of mass above the final face. In short, geometry matters.
This observation immediately suggests the question "How steeply must one tilt the table when wobbling in order to reorient the part?" The steepness of the tilt angle depends on the potential energy barrier required to rotate the center of mass up from its initial face-table contact. Indeed, the required tilt angle is the angle formed by the center of mass, the edge over which it rotates, and the normal of the face on which the cassette is initially resting. This sounds a lot more complicated than it is. Let us take a simple example, as in Figure 1 . This example consists of a polyhedral coin. The coin is geometrically symmetric, but its center of mass is offset slightly toward one face.
Let us assume that the coin is initially resting somewhere on its circumference. If we wobble the table ever so slightly, the coin will roll on its circumference, but not fall over. If we wobble more strongly by tilting the table a little more steeply, we can cause the coin to fall over. Furthermore, because of the offset center of mass, we can actually select a particular face. We can make the coin fall onto the face labeled f, § 1. Of course, we must select the tilt angle for the wobble correctly, that is, not so steeply as to permit the coin to fall onto the other face, foWe now come to a crucial question. What does a general mechanical strategy (one with no sensing) for orienting a polyhedral part look like? Does it consist of wobbling the table at a single tilt angle? The answer is no. Instead, a general strategy consists of a sequence of tilt angles. The sequence of angles increases from zero, that is, no wobbling, up to some maximum angle, then decreases back down again. The maximum angle is chosen as a function of the geometry of the part. In the rest of the paper we discuss the proof of this claim, the method by which the maximum tilt angle is chosen, and the assumptions we make in stating the claim.
In order to build a little intuition, let us describe a simple example that shows the need for stepping up to some maximum tilt angle. It is not enough simply to wobble at that maximum tilt angle right away. Consider Figure 2 . The figure depicts another polyhedral coin, shown edge-on in two different orientations. This coin is geometrically unsymmetric: one of the two large flat faces, fo, makes a square angle with the circumference, while the other face, f,+ 1, does not. In addition, the polyhedral facets that comprise the circumference of the coin are not all alike. (We use the term "facet" to distinguish the faces on the circumference of the coin from the large side faces of the coin.) The figure indicates the approximate location of the center of mass. We must choose this location, and choose the size of the facets along the circumference of the coin, in such a way that the coin can rest on either face fl or face f,/2, but that the tilt angle which will permit rolling of the coin on its circumference is significantly larger for face fl than for face f,/2-In addition, if the coin is initially resting on face fl, the tilt angle that will cause the coin to roll on its circumference should be larger than the angle that will cause it to flip onto face fo and smaller than the angle that will cause it to flip onto face f,+ r Finally, the angles that will cause either fl or f,/:
to flip onto face fo should be equal and larger than the angle that will cause f,/2 to flip onto f,+ 1. We do not worry about the details further, but the following intuition should be clear.
Imagine that the coin is known to be resting on its circumference. Suppose that we wobble the table strongly, that is, at a steep tilt angle. If the coin happens to be resting as shown on the left of Figure 2 , that is, with the broad portion of its circumference high in the air, then the coin will fall over, winding up on either of the large flat facesfo or f,+ 1. However, suppose that we first wobble gently. Then the coin will roll on its circumference, coming to rest on the broad portion of its circumference, as shown on the right of Figure 2 . If we now wobble at a steeper tilt angle, but not so steep as to cause the coin to roll on its circumference, we can guarantee that the coin will fall over onto one particular face, namely f0. In short, the strategy of first wobbling gently then wobbling more strongly is guaranteed to orient the coin better than is the strategy of merely wobbling strongly.
As a final comment, we observe that no mechanical strategy can distinguish all faces of a part if the part exhibits rotational symmetries relative to its center of mass. Stated positively, highly symmetric parts are very easy to orient, as long as only the geometry of the part is considered. A homogeneous cube is easy to orient mechanically as long as geometry is all that matters. It is impossible to orient the cube with a purely mechanical approach if the task is to distinguish lettering on the sides of the cube. This is the basic intuition. It describes the basic actions that the threedimensional table-tilter can perform. The rest of the paper is a formal investigation of this intuition.
Previous Work and Its Relation to this Paper
3.1. Tray-Tilting. In previous work, Erdmann and Mason (1988) considered the problem of orienting planar parts resting in a planar tray. The tray could be tilted, causing the part to slide into walls and corners, thereby reorienting the part. The work implemented a planning and execution system based on Newtonian mechanics and Coulomb friction that would determine a sequence of tray-tilting operations guaranteed to orient a part in the tray unambiguously, whenever such a plan existed. The planner consisted of two parts: a contact-analysis phase and a search phase. The contact-analysis phase used a representation of friction in configuration space (Erdmann, 1984 (Erdmann, , 1991 to model the possible transitions between different contacts. The search phase searched a graph whose nodes consisted of sets of contact states, representing possible run-time configurations of the part. The search was thus inherently exponential in the worst-case, although in practice the search seemed to find orienting plans quickly.
Other work has focused on obtaining low-polynomial-time algorithms for planning tray-tilting operations and for designing bowl feeders (see Natarajan, 1986) . Natarajan showed that such low-polynomial-time algorithms exist for versions of the tray-tilting problem in which the actions are deterministic or in which cyclic symmetries hold. The general tray-tilting problem, however, seems to be PSPACE-hard. Natarajan (1988) also obtained PSPACE-hardness results for the general sensorless motion-planning problem in the presence of uncertainty. Canny (1988) showed that the problem is even more difficult, by obtaining an NDEXPTIME-hardness result. Lozano-P6rez et al. (1984) developed a general framework for planning in the presence of uncertainty. The basic idea is to generate preimages of the current task goal recursively. A preimage encodes those configurations in state spaqe from which goal attainment is both guaranteed and recognizable, despite control and sensing uncertainty. The notions of backprojection and forward projection that derive from this methodology (see Erdmann, 1986) underlie much of the reasoning on uncertainty in this paper. Important related work includes the algorithms of Canny (1989) for computing preimages, the work by Donald (1989 Donald ( , 1990 on error detection and recovery, and the work by Latombe (1990) on preimages and their implementations.
Uncertainty.
Parts
Orienting. Grossman and Blasgen (1975) considered the problem of localizing a part by dropping the part into a dihedral corner, shaking the corner, then using probing operations to ascertain the configuration of the part. This work formed the motivation for the sensorless tray-tilter described above. The intent was to explore the ability of a system to orient parts without any of the sensing used in the probing operations. Later, Taylor et al. (1987) reintroduced sensing into the tray-tilter. They proposed a general planning algorithm and suggested a means of comparing sensing and mechanical operations in terms of their respective information contents.
The work by Grossman and Blasgen involved three-dimensional parts, whereas the tray-tilter described above considered only planar parts. The current work is a step in extending the sensorless tray-tilting philosophy to full three-dimensional parts. The ultimate goal is to understand shape and motion with the aim of simultaneously designing parts and orienting nests that mechanically localize the parts for assembly tasks. Currently we have some idea of how to orient planar parts and are beginning to study three-dimensional parts. One composite view is to combine planar tray-tilting with three-dimensional table-tilting. Table-tilting can partially orient a three-dimensional part. Specifically, at best the table-tilting" described in this paper can determine the face of contact between a part and the table, but it cannot determine the orientation of the part about the normal to the table. However, once the face of contact is established, it may be possible to use a two-dimensional tray-tilter to orient the part about the normal to the table. Alternatively, it may be possible to use some of the grasping technology of Goldberg (1990) to orient the part in the plane of the table. Finally, given such a sequence of orienting operations described as table-tilting or tray-tilting, our long-range goal is to design nests whose planar walls perform the orienting operations directly. Such nests would eliminate the need to tilt the table physically. Instead, the parts would fall into the nests, encountering shapes along the way that implement the orienting operations of the table. Boothroyd et al. (1972) determined the stable resting configurations of parts dropped onto a horizontal table. They considered both the static case, in which there is no bouncing or rolling, and the dynamic case, in which the parts may bounce and roll. They also derived probabilities for transitions between contact states as a function of the initial potential energy of the part. The intent was to determine the probabilities of resting configurations of parts dropped into a vibratory bowl feeder, as well as to estimate the energy required to transit between different such configurations. These researchers considered both analytical and experimental approaches for determining these resting configurations. An interesting additional aspect of the paper by Boothroyd et al. is the contrast it establishes between static and dynamic solutions. The authors observe that, for the parts they considered, the dynamic solution could be obtained with small modifications from the static solution whenever the center of mass of the part coincided with its center of geometry. They further observe that such small modifications were inadequate to obtain the dynamic solution from the static solution for parts whose centers of mass were greatly offset from their centers of geometry.
Orienting by Dropping.
Pushing and Grasping.
A very important mechanical operation for orienting parts is grasping. Another is pushing. See Mason (1982) , Mani and Wilson (1985) , Mason (1986) , Peshkin (1986) , Brost (1988) , Goldberg and Mason (1990) , Goldberg (1990) , and Goldberg et al. (1991) for work in this area. In particular, Mason considered the problem of open-loop manipulation, by pushing, of objects lying on a table. The key difficulty lies in the inherent uncertainty of the pressure distribution between the object and the table. Mason's work describes the possible motions as a function of pushing direction and friction between the pusher and the object. Brost extended the results of Mason's analysis to predict the possible stable resting configurations of an object being pushed by a fence, then cleverly combined two such descriptions to describe the possible stable configurations of an object being grasped by a parallel jaw gripper. Peshkin extended Mason's analysis to the planning of fence orientations that orient objects traveling on a conveyor belt. The intent is to orient objects whose initial orientation is unknown. In particular, Peshkin obtained bounds on the possible locations of the center of rotation due to indeterminate pressure distributions. Goldberg considered the grasping problem in the vein of the pushing analysis performed by Mason and Brost. He designed a frictionless gripper, meaning that the part being grasped moves as if friction between the part and the gripper were zero. Given zero friction, Goldberg describes a stochastic approach for optimizing the number of grasping operations required to orient an object whose initial orientation is unknown. The initial orientation is described by a probability density function. One of his results, described in a paper in this issue, shows that it is possible to orient, up to symmetry, any planar part whose initial orientation is unknown. This is perhaps the first characterization of a class of manipulable parts.
3.6. Characterizing Part Orientability. Much of the previously cited work deals with the problem of orienting or localizing parts whose initial configurations are uncertain. Each solution consists of a planner that can either decide whether a given part is orientable or that can maximize the probability of orienting the part. While a planner is useful, it would be more useful to characterize the class of parts that are orientable by a given manipulation system. Unfortunately, there is no reason to expect that the class of orientable parts is easily characterized. The problem is probably uneomputable or impractically computable in the general case. This is why Goldberg's result is so exciting. His frictionless gripper can orient any planar part up to symmetry in the diameter function of the part.
A lesson to be learned from Goldberg's work is that it is useful to play with the coefficient of friction to simplify the planning process. In this paper we assume infinite friction. This simplifies our transition diagrams. Furthermore, in the planar case, tray-tilting with infinite friction can orient any part up to a certain symmetry which is explained in detail in Section 13. In short, the specialization of the approach described in this paper to two-dimensional parts permits a simple characterization of the orientable parts. For the full three-dimensional case, we cannot yet actually characterize the objects that are orientable. However, we can say something about the basic nature of any orienting strategy. Such a strategy steps through a series of wobbles, from zero up to some maximum tilt angle, then back down again. While not as desirable as a characterization of the orientable parts, a description of the form of an orienting strategy goes a long way toward simplifying the planning process. Furthermore, much as Boothroyd et al. hoped to use their probabilistic descriptions to design parts, we hope that our description of orienting strategies, in particular the dependence of the maximum tilt angle on the geometry of a part, will be useful in designing orientable parts.
4. Definitions and Assumptions. We are given a polyhedron resting on a horizontal table. Friction between the table and the polyhedron is assumed to be infinite. The center of mass of the polyhedron is assumed to lie inside the convex hull of the polyhedron. We are given the position of the center of mass. We use this to decide whether a given configuration of the polyhedron on the table is stable in the presence of gravity. Throughout the paper we assume that all motions are quasi-static, that is, that inertial and impact forces may be ignored.
The table has two degrees of motion freedom. One degree of freedom corresponds to tilting the table from the horizontal, the other degree of freedom is the direction of the horizontal axis about which the table is tilted. The typical action that we may perform is a wobble. A wobble consists of first tilting the table, then changing the direction of tilt. Specifically, we first tilt the table from the horizontal up to some specified angle 0. Second, we change the direction of the tilt axis by rotating it a full 2~ rad about the vertical. Effectively, each side of the table is made to point downhill once during a wobble. The initial direction of the tilt axis is chosen randomly. The reason for a random choice is to ensure that there is a nonzero probability that any particular side of the polyhedron will be pointing downhill initially. We refer to the angle 0 as the tilt angle of the action. We restrict 0 to the range [0, ~/2]. At 0 = 0 the table is horizontal, while at 0 = z~/2 the table is vertical.
We assume that a single tilt of the table from its horizontal position to a tilt angle of 0 occurs nearly instantaneously, in the sense that it occurs faster than any dynamic motions of the polyhedron. The purpose of this assumption is again to ensure that there is a nonzero probability that any particular side of the polyhedron will be pointing downhill. Without this assumption some objects, such as conical cross-sections, could roll in such a way as to prevent certain faces from ever pointing downhill.
Often we perform a given wobble action repeatedly, until the polyhedron has settled into steady state. Generally we do not distinguish between performing a single wobble and performing a series of wobbles for a sufficiently long time.
The basic state of the polyhedron is a face contact with the table. The orientation of the polyhedron about the normal to the table is in general unknown, and we thus do not include it in the definition of state. When the table is tilted, the polyhedron can rotate from one face to one or more adjacent faces, by tilting across bounding edges. The conditions under which such rotations are possible are derived in Section 7. Here we are tacitly assuming that all transitions between different face-table contacts may be viewed as rotations across edges. The more general case in which rotations occur across vertices may be handled in a similar manner as in this paper, although the complexity of operations increases considerably.
In general, for a given starting face, the polyhedron may be able to rotate to more than simply one adjacent face under a wobble action of the table. Thus the transitions between faces are nondeterministic. We assume throughout this paper that these transitions are probabilistic. Thus, over sufficiently many trials, we will see occurrences of all possible transitions out of a given face for a given tilt angle.
For the purposes of this paper the actual values of the transition probabilities do not matter. In principle they could be obtained from experimental observation. Once known, we could determine the expected time that a wobble needs to be performed repeatedly in order for the system to settle into steady state.
The main purpose in assuming probabilistic transitions is to ensure that possible transitions between contact states have nonzero probabilities of occurring. Consequently, if we perform a particular wobble action repeatedly, then the system will eventually transit out of a given contact state if that is possible. The analogy to keep in mind is that of a Markov chain. The states of the Markov chain correspond to the face-table contacts. The Markov transitions correspond to the rotations from one face to another. For a given series of wobbles the system will settle into one or more possible equilibrium states. These are similar to the recurrent classes of a Markov chain.
We further discuss these assumptions in Section 14.
5. Problem Statement and Results. We are given a polyhedron. The polyhedron need not be convex. However, since the only possible contacts between a polyhedron and a table are those on the convex hull of the polyhedron, we can assume without loss of generality that the polyhedron is convex. The polyhedron has faces ~ = {fl,-.-,f,}. We represent a face-table contact by the facef~ that is in contact with the table. We are given a set of possible initial contacts ~-~ _ ~, all of which are stable resting configurations of the polyhedron on the table, and we are given a set of final contacts ~F ~ ~-The problem is to find a sequence of tilt angles 01, 02,..., 0~ that is guaranteed to reorient the polyhedron from the initial set of possible contacts ~ into some subset of contacts of the set ~F.
In this paper we demonstrate an algorithm for determining the existence of such a strategy. The algorithm runs in time O(n3). Furthermore, the number of actions is l = O(n). An action consists of repeated wobbling at some tilt angle 0i.
Throughout we focus on certainty-maximizing strategies. This term requires a short explanation. Our representation of uncertainty is in terms of sets of possible contacts. Such a representation is sometimes called an unknown but bounded model of uncertainty. In order to understand certainty-maximizing strategies, suppose that at some time the state of the system is known to lie in a set F of possible face-table contacts. Suppose that among the possible actions that the run-time system could execute are two actions AB and Ac. Action AB when applied to the set F yields the set B of possible resulting face-table contacts. Similarly, action A c yields the set C. Suppose further that C c B. A certainty-maximizing strategy is one that would never execute action An. Specifically, if the strategy ever contemplates executing action An, then it would instead execute action A o It is desirable to focus on certainty-maximizing strategies since such strategies in no way limit the ability of the system to solve the problem stated above.
6. Example. A useful example to keep in mind is the polyhedral version of an unfair coin. See Figure 1 . Specifically, we assume that the coin consists of two large flat faces f0 and f,+l, and a set of small identical facets fl ..... f, that approximate the circumference of the coin. (Again, we use the term "facet" merely to distinguish the faces on the circumference of the coin from the large side faces of the coin.) The center of mass of the coin is symmetric with respect to these facets, but it is offset slightly closer to the flat face f,+l than to the face fo. The point is that, for sufficiently small tilt angles, the coin, if upright initially, will roll on the small facets, but not fall over onto either of the fiat faces. For slightly greater tilt angles, the coin can both roll and fall stably onto face f,+l. For yet larger angles the coin can both roll and fall stably onto either face fo or face f,+ 1. As we increase the tilt angle further the coin begins to tumble. First it tumbles between face fo and the small facets, but eventually settles into stable equilibrium on face f,+ 1. As the tilt angle is increased yet further, the coin tumbles between all faces. The details of this behavior are derived in the remainder of this paper.
7. Transition Angles. Given two faces f~ and fj on the polyhedron, we define 0ii as the tilt angle that causes the polyhedron to rotate from face f~ to face fj. We refer to such an angle as a transition angle. Specifically, if facef~ of the polyhedron is in contact with the table, and the table is wobbled at an angle greater than Oij, then the polyhedron may rotate away from facef~, and one of the possible resulting face contacts is face fj. Note that we are not saying anything about the stability of the face contactf~ before the rotation or of the face contactfj after the rotation.
Let edge eij be the common edge between the two faces f/ and fj. Consider rotating the polyhedron about the edge eij. Then 0~j is the angle of rotation that moves the center of mass from above face fi to just above face fj. Here "above" is in the opposite direction of gravity. See Figure 3 . There are essentially three cases (for rotation across edges):
9 First, we take 0ij = + oc if the two faces f~ and fi are not adjacent. 9 Second, consider the polyhedron in contact with face fi on the table, and the table in its horizontal orientation. If we considered just face f~, then we could say that the contact is stable if the projection of the center of mass of the polyhedron, along the direction of gravity, lies in the convex hull of the contact region on the table. In our case this convex hull is just the facef~ itself. However, since we are interested not in full stability but only in whether the transition from face fi to face fj is possible, we need to modify this condition slightly. Specifically, we conceptually expand f~ to be a half-plane that is bounded by the edge e~j, then consider the projection of the center of mass along the direction of gravity onto this half-plane. Let rij be the vector perpendicular to the edge e~j that points from e~j to the center of mass of the polyhedron. Define the normal cylinder above f~ to be a semi-infinite quadrant of ~fl 3 that lies on the interior side of facef~. The quadrant is thus bounded on one side by the plane through f~. On the remaining side it is bounded by the plane passing through both eij and the normal to face f~. If the center of mass of the polyhedron lies in the normal cylinder above face f~, then the polyhedron will not rotate across edge e~j. Said differently, if faces f~ and fj were semi-infinite planes, then the face-table contact of the polyhedron on face f~ would be stable. In this case the angle 0~j is well defined. It is simply the angle between the vector rij and the inward normal to face f~. Observe that 0 <_ O~j <_ n/2.
9 Third, if the center of mass does not lie above the normal cylinder to the face f~, then the contact is unstable, and thus the polyhedron must rotate. In this case we take O~j to be 0-.
For the example of Figure 1 , we obtain the following transition angles:
Oi,j=t/ for l <j<n, with 0 < q < fl < e < re/4 and thus ~z/4 < re/2 -e < re/2 -ft.
8. Transition Graphs. For any tilt angle 0, we can define a directed graph that represents the possible transitions due to repeated wobbling at angle 0. The vertices of the digraph are the faces ~-. There is an edge fromf~ tofj if the transition angle O~j is less than 0. In other words, if the tilt angle is greater than the transition angle, then a rotation from f~ to f~ is possible. The case 0 = Oij is metastable. We do not worry about it here, since it does not arise in the remainder of this paper. We observe that the digraph is planar since it is a subset of the face-adjacency graph of a convex polyhedron. Let us sort the angles {Oij}, yielding the sequence
with Oi e [0, 7z/2] for j = 1,..
., m, and m = O(n).
We now define action A o to be the null action, that is, the Furthermore, for each 0 i, i = 1, ..., m, we define Ai to be the action consisting of repeated wobbling of the table at tilt angle 0~ + e < 0~+1, where e > 0 is some small angle. Corresponding to A~ we obtain an appropriate digraph G~.
We observe that the graphs G o ..... G,, all have the same vertex set, namely the faces ~ of the polyhedron. Furthermore, the edges of G~ are a subset of the edges of G i+1 fori=0 .... ,m-1.
For the coin example of Figure 1 We observe that each graph Gi may be computed in time O(n) given the polyhedron as a planar face-adjacency graph. If we are given the polyhedron simply as a set of oriented hyperplanes, then we can construct the face-adjacency graph using a naive algorithm in time O(n3). Furthermore, using the DCEL representation of Preparata and Muller (1979) we can actually compute the face-adjacency graph in time O(n log n). 9. Recurrent Classes. For each digraph Gi we can construct its recurrent classes.
For our purposes a recurrent class of a digraph is a closed set of vertices in the digraph in which any vertex is reachable from any other vertex by some sequence of edge transitions. In particular, since it is closed a recurrent class has no edges that lead out of the class. Vertices that are not members of some recurrent class are called transient states. If a system starts inside a recurrent class, then it will remain within that class. If a system starts in a transient state, then the assumption of probabilistic transitions ensures that eventually the system will move into some recurrent class, and remain within that class. Once in a given recurrent class, the state of the system is known to be one of the vertices comprising the class. In general, after application of action Ai, the state of the system is known simply to lie within the union of some subeollection of the recurrent classes of the graph Gi. The objective of a certainty-maximizing strategy is to make this union as small as possible by executing an appropriate sequence of actions. Let us denote the collection of recurrent classes of G~ by {C~}, where ~ runs over some index set containing at most n elements. We observe that the set of recurrent classes of a graph Gi can be computed in time O(n) using an algorithm for finding the strongly connected components of a digraph. Section 6 describes intuitively the transition graphs and recurrent classes for the coin example of Figure 1 . For' the graphs in Figures 4 and 5 , we obtain the following recurrent classes. If we leave the table horizontal, then the coin can rest on any face, and thus the recurrent classes of G O are all the singleton face sets. In other words there are n + 2 recurrent classes (the "n" in this example is different from the "n" in the general formulation; they differ by 2). If we tilt the table slightly more than 7, then the coin can roll on its circumference. Thus G1 contains three recurrent classes, two of which are the large fiat faces, and the third of which is the cycle of facets along the circumference of the coin. Once the table is wobbled at an angle slightly greater than fl, then the coin can fall onto face f, + 1. Thus in G2 there are now only two recurrent classes, given by the two fiat faces. The facets on the circumference of the coin have become transient states, all of which eventually end up on face fn+ 1. For G3, there are again two recurrent classes, but now the coin can fall onto either facefo or fn+ 1. As the table is wobbled with angle slightly greater than re~2 -~, face fo becomes a transient state as well. Thus G4 contains a single recurrent class, given by facef, + r Finally, if the tilt angle is made very large, then the coin can tumble randomly. Thus G 5 has one recurrent class, consisting of all possible face-table contacts.
10. Forward Projections. Consider a set of possible face-table contacts ~ and some action A~. We define the forward projection of cd under action A i as the set of final face-table contacts that the part might attain at steady state upon application of A~, given that the part starts in a state of ~. We write this as Fai(~ ). Fai(~ ) is the union of a subcollection of the possible recurrent classes of G i.
Furthermore, Fa,(cg) may be computed in time O(n) using a depth-first marking algorithm.
Suppose that C is a recurrent class of graph Gj. In other words, C is some possible collection of states resulting from application of action Aj. If we now apply action Ai, with i <j, then the system must end up in some subset of states of C. This is because the edges of Gi are a subset of the edges of Gj and because no edges lead out of the recurrent class C by definition of recurrent class. Said differently, if {C/~[ C} are the recurrent classes of Gi that are subsets of C, then the forward projection of C under action A~ is the union of these recurrent classes: = U C IC.
11. Three Lemmas. We now prove three lemmas. The first lemma implies that whenever a certainty-maximizing strategy applies first action A i and next action A j, with i <j, then the strategy might as well apply the sequence of actions A i, Ai+ 1 ..... Aj. The second lemma establishes a similar result for the opposite case in which i > j. Together these two lemmas imply that any certainty-maximizing strategy need only step through wobbles in sequential order. In other words, it is never necessary to apply consecutive actions Ai and Aj with li -Jl > 1.
Finally, the third lemma implies that nothing is to be gained by loops of actions of the form Ai, Aj_I,...,A~,A~+ 1 ..... Aj for i <j. As a result, we see that any certainty-maximizing strategy should be of the form A o, AI , ..., A j, A j_ ~ . .... A~, with 0 < i < j < m. (Note that there is no harm in always letting i = 0.) This then proves that any certainty-maximizing strategy has length O(n).
Lemma 1 considers the difference between two simple strategies. In one strategy we apply a single action Aj. In the other strategy we first apply some action A~ with a lower tilt angle, and then apply action Aj. The claim of the lemma is that the possible final contacts of the polyhedron in the two-action case are a subset of those in the single-action case. Thus a certainty-maximizing strategy would prefer the two-action sequence.
LEMMA 1. Let f represent a face-table contact, and let i < j. Then F &(F A,({f })) ~-F Aj({f }).
PROOF. The edges of Gi are a subset of the edges of Gj.
[] The inclusion can in general be strict. Furthermore, the lemma need not hold for i > j. Fortunately, however, this other version of the lemma does hold if we replace the single state f by a recurrent class corresponding to a tilt angle that is at least as steep as the steeper of 0i and 0j. This observation is the essence of the next lemma. [] Finally, we would like to show that certain kinds of action loops are unnecessary. Specifically, it is never necessary first to perform a wobble at a given tilt angle, then to wobble at a lower tilt angle for a while, only to wobble again at the original tilt angle. Induction on the claim of the following lemma establishes this fact. (Recall that m is the number of distinct transition angles 0~j obtained.) As a final comment, we observe that in general it is not enough simply to perform actions with increasing tilt angles, ending with Aj. Instead, it is indeed sometimes necessary to include actions in which the tilt angles are again reduced, ending with some A~, for i < j, as suggested by the statement of the algorithm. As an example, imagine that the face f, + 1 in the coin example of Figure 1 is replaced with two smaller, unsymmetric faces that are nearly, but not quite, parallel. The faces are distinguishable only for small tilt angles. A strategy for orienting the coin would consist of first increasing the tilt angle until the coin ends up on the recurrent class corresponding to the two subfaces of f, + 1, then reducing the tilt angle until the two subfaces are distinguishable, with the coin at rest on one particular subface of f,+l.
For the example drawn in Figure 1 , there is no need to decrease the tilt angle. Rather we increase the tilt angle slightly beyond ~z/2 -~, at which point the coin comes to rest on the flat face f,+ 1-This face is the single element of the single recurrent class of graph G4.
13. Special Case: Orienting Generic Polygons in the Plane. In the case of a two-dimensional planar polygon resting on a one-dimensional table, there is no need to perform a wobble of the table. Instead, the table may be tilted either to the right or to the left, yielding either clockwise or counterclockwise rotations of the polygon, respectively. We can define the transition angles {0i~} similarly as we did before. In the case that no two of the angles {0ij } are equal, there is a simple strategy for orienting the polygon. It consists of tilting the table at an angle slightly less than the maximum of the {Oij}. The polygon will rotate until it ends upon the unique edge whose outgoing transition angle is equal to this maximum. The choice of whether to rotate right or left is determined by the direction of the maximum angle.
This same approach succeeds even if there are duplicate transition angles, as long as there is either only one maximum among the set of counterclockwise transition angles or only one maximum among the set of clockwise transition angles. Even if this condition is not satisfied, it may still be possible to orient the polygon, by first tilting the table one way, then the other. Orientability depends on the relative locations of the faces with maximum counterclockwise transition angles to those with maximum clockwise transition angles. Specifically, in a cyclic ordering of these faces, all the faces of one type must lie in a group that does not overlap the other.
14. Discussion of the Assumptions. There are three main assumptions in this work: infinite friction, quasi-static motions, and the need for steady-state probabilistic transitions. In this section we briefly examine these assumptions.
It is natural to wonder what applications satisfy the assumptions of infinite friction and quasi-static motions. One possibility is to design a table that enforces these assumptions. Indeed, it is possible to buy a variety of foam surfaces with different friction and damping properties. Another possibility, as we indicated in the discussion of previous work, is to design a nest that statically and geometrically implements the tilting motions determined by the table-tilting algorithm. Whether this is possible remains an open question. However, a static shape should make it easier to satisfy the assumptions that part dynamics may be safely ignored.
In order to satisfy the assumption of infinite friction we merely need to make friction large enough so that the part will not slide whenever the table is tilted. The maximum tilt angle in a given strategy thereby specifies the minimum coefficient of friction required. Thus the assumption of infinite friction may be regarded as postponement of a design decision. Once a strategy for orienting a part has been devised we can line the table with material that produces sufficient friction between the part and the table.
Similarly, the assumption of quasi-static motions is partially the postponement of a design decision. The purpose of the quasi-static assumption it is to ensure that the part will not bounce from one face-table contact to another unless the table is tilted at an angle sufficient to permit the transition. Given a face-table contact, an adjacent face-table contact, and a tilt angle, we can calculate the maximum kinetic energy that could remain after the part has rotated from the first face contact onto the adjacent contact. In turn, for the new face contact and the given tilt angle we can calculate the extra potential energy required to rotate the part onto some other adjacent face-table contact onto which a quasi-static part could not otherwise rotate. At the very least the system should ensure that the part's kinetic energy is damped out sufficiently so that any residual kinetic energy is considerably less than the extra potential energy required for an unwanted rotation. In fact the analysis is more complicated than this, but this description provides a reasonable first approximation. Once the degree of damping is known, we can build a table lined with foam designed to damp out the kinetic energy.
Despite these attempts at satisfying the dynamics assumptions, we primarily consider the assumptions as catalysts in an attempt to shine light on an otherwise dark subject. We derive some hope that our specialized results are relevant in the general dynamics case from the experimental results of Boothroyd et al. (1972) . See Section 3. In that work the static case did indeed shed light on the dynamic case. The extent to which the static case is useful in solving the general dynamics case for the problem posed in this paper remains an interesting open question.
Let us now address the assumption of repeated probabilistic transitions. The main issue here is that of settling times. Our model of action does not distinguish between a single wobble and repeated wobbling at the same tilt angle. The purpose of repeated wobbling is to attain a steady-state set of configurations of the polyhedron. If the transition probabilities required to attain these configurations are small, then the time required before the polyhedron has settled into steady state may be large. There are two subissues here. First, there is the question of determining the transition probabilities. As we indicated, we believe this can be done experimentally or perhaps by using the analysis of Boothroyd et al. Once the transition probabilities are known they may be used to determine settling times using a Markov chain analysis. Alternatively, we may simply wish to estimate the settling times directly by observing repeated wobbling.
Second, there is the question of whether ignoring transient states and focusing on steady-state behavior produces plans that are wholly suboptimal. Indeed, it is likely that there exist parts for which the optimal orienting strategies consist entirely of motions through transient states. Therefore, in order to produce an optimal orienting strategy it may be necessary to perform a complicated stochastic optimization that accounts for the behavior of a system in its transient states. Future work should address this question. The reason we have not addressed it at present is that our modeling of transition probabilities is simply not good enough to suggest a substantial benefit from a stochastic optimization. The benefit to be obtained from a detailed consideration of part motions seems to be greatest for complicated parts. Yet this also seems to be the case for which empirical transition probabilities are least likely to be accurate. Thus it seems better to avoid transients and focus instead on steady-state behavior. Similarly, for simple parts, such as the coins described in this paper, the parts attain steady-state behavior very quickly. Thus again an analysis of transients seems to be unnecessary. All of these questions remain as important open research topics.
15. Conclusions. This paper has explored automating the design of mechanical systems for orienting three-dimensional parts. It focused on the problem of orienting a three-dimensional polyhedron resting on a tiltable table. The polyhedron could be reoriented by wobbling the table. Wobbling the table consisted of repeatedly tilting the table up to a specified tilt angle about a randomly chosen tilt axis, then changing the direction of the tilt axis.
The paper proposed a planner that determines a sequence of tilting operations designed to minimize the uncertainty in the part's orientation. The planner runs in time O(n3), where n is the number of faces of the polyhedron. The planner produces a sequence of O(n) different wobbles. Each wobble is performed repeatedly, until the polygon settles into steady state.
The problem of orienting parts is a ubiquitous task in industrial assembly. The automated design of feeder equipment for orienting parts is thus an important problem. This paper suggests that a combination of probabilistic and geometric analyses may be used to design such feeder equipment.
The results presented in this paper suggest that it is possible to develop simple planning algorithms for configuring mechanical orienting systems. In turn, this suggests that it may be possible to improve the flexibility of mechanical orienting systems, by using automatic planning algorithms to tailor the actions of the orienter to different parts.
16. Future Work. Future work should focus on the physical implementation of the system discussed in this paper. One possibility is to design the surface of the table so that the assumptions of quasi-static motions and infinite friction are practically satisfied. The main task, however, is to develop better physical models of the parts. The simplest purpose in developing better models is to relax the assumption that friction between the parts and the table is infinite. Another purpose is to relax the assumption that all face-table transitions may be viewed as rotations across edges. In addition, better physical models could provide estimates of the transition probabilities. These estimates would permit the application of stochastic techniques both to determine expected settling times as well as to compare different strategies in terms of external cost functions. Finally, better physical models would better describe the dynamic behavior of the parts being oriented.
A related issue concerns the use of randomized actions. Recall that the initial tilt direction of the table during a wobble is chosen randomly. This is done because the orientation of the part about the normal to the table is unknown; the randomization ensures that all legal face-face transitions for that tilt angle have a nonzero probability of occurring. A more complicated representation might include within the definition of state the part's orientation about the table normal. With this detailed notion of state, the choice of the actions can be made deterministic (although a given action may still have probabilistic outcomes). In order to make the detailed notion of state possible, we need to determine a much more accurate description of the possible contact transitions, one which not only states that the part rotates from one face to another, but that also describes the resulting change in the part's orientation about the table normal. Currently such a description seems to be unavailable or impractical. Future research should address this question.
Another direction of future research is to move from a set-theoretic representation of uncertainty to a probabilistic representation. The advantage of such a representation lies in the extra ability to differentiate part configurations. The disadvantage lies in the added complexity. Consider again the proofs of the three lemmas. These proofs rely heavily on a set-theoretic representation of uncertainty and on the ordering of actions and transition graphs by tilt angle. In particular, as we increase the tilt angle we add edges to a transition graph. This simple additive property is responsible for our simple results. However, adding edges changes the transition probabilities of the old edges. If some of these transition probabilities become sufficiently small, then, for all practical purposes, some of the old edges actually disappear. Thus the transition graphs no longer possess the edge-additive property. This leaves open the possibility of more powerful orienting strategies.
Perhaps the most important direction of future research is indeed to incorporate dynamics. A limiting factor in the physical implementation of the system described in this paper is the assumption of quasi-static motions. It is important to remove this assumption. The notion of recurrent classes provides a useful tool by which to incorporate dynamics, as it captures the cyclic behavior of the polyhedron. The challenge is to develop physical models that describe probabilistically the dynamic motions of a part as a function of the table wobble. It is unlikely that these models will ever provide precise trajectory descriptions; the mechanics are themselves too indeterminate for that. However, it is reasonable to expect such models to describe probabilistic transformations between classes of contacts, with the probabilities determined either analytically or experimentally. In the immediate future we imagine that such models will be available only for simple polyhedra, such as the rectanguloids and solids of revolution described in Boothroyd et al. Finally, additional work should consider the automated design of orienting systems for more complicated parts. Parallel orienting of several parts at once is one further direction to explore.
